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NOTE ON SERIES WHOSE COEFFICIENTS 
INVOLVE POWERS OF THE BERNOULLIAN 
NUMBERS. 


By J. W. L. Glaisher, i 
41. Denoting the Bernoullian numbers by B, B, Bp -+ 
we know that 
cae pee at a et en 94,8  .— 2 96,6 
log -m iat? Zae ake &c. 


By writing in this equation 32, 7 ky = 
adding, the right-hand member becomes 


By zs {. 

-32127 fı tpt pt preel 

B 1 1 1 

7 mite! tpt at greet 

B Die 

arate tpt pte 
&c. &e., 


. for x, and 


and, since 


eset ger (2m)"B 
—_— -— —- e. 2 
1+om + gat pat Ke. = 2,(2ajt? 


the above series 


b’ 7 Bi 4 B 6 & 
-zaa Or) ~ aa ay tT) ~ gg er Amal — Ke. 
Now the left-hand member 

sine sin}x sinjx 
log fE, et . fx wot 
and, by Euler’s formula, this product 


= cos cos” cos” cos— 
“om v4 8 167% 


xeos cose cos cos — 
aes Giese ts 


x cos cos z cos z cos £ 
Be eR OAT. 7 
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the exponent of each cosine being equal to that of the highest 
power of 2 contained in the denominator of the argument. 
We thus find 


ef a 2/ o ` B? 
log feos (cos) cosg (cos2) |=- 2 Zan. (anp Te 
whence, by differentiating, 


btang + $ tan +4 tan = + 2 tan £ + &e, 


B 8 

(6) (Amx) + &e.} E 
If we denote by r the exponent of the highest power of 2 

which is a divisor of 2n (ùe. so that 2n =2m, m being an 

uneven number), we may write this result in the form 


Sar e B, 3 


n=0 T v F n=% B z 
Sg ie do Se ee yn-1 
I n=l a "3, TÈ gal jan) ip cr) bl 


or, multiplying by æ and transposing the sides of the equation, 


=o ( B )* = 2 
bo lent (ime =2ad na A tanz Rad 


§2. Inthe preceding formula, put for x successively 4a, 
tx, $£, .... The general term on the left-hand side then 
becomes 

I 


fot (4rx)" fı +a + = ar = + &e,} 
3 ont (Sn%z)". 


To obtain the value of the right-hand member of the 
equation, consider the expression 


ORTE ORO 


x x z z 
+ (5) +4 (3) +26 (5) +6 (5) + &c. 
in which the coefficient of each term is equal to the exponent 
of the highest power of 2 contained in the denominator. 


* I set this formula in Part II of the Mathematical Tripos, 1887 (Friday 
morniog, June 8, Question 7). 
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By putting $æ, 4x, x, ... for æ, in this expression, and 
adding, we obtain the expression 


# (a) tse (a) +29 (G) +68 (5) +24 (i0) +60 (ia) 
+27 =) + 109 (2 =) +3$ (= a) +88 (5 5) + éon 


The law of these coefficients, which is a rather curious one, 
may be stated as follows:—the coefficient of $ (=) is equal 


to 4r (r +1) 5, (2n), where, as before, r is the exponent of the 
highest power of 2 contained in 2n, and ô, (2n) denotes the 
number of uneven divisors of 2n, 

If, therefore, 


2n = 2"a"bPe’..., 
where a, b, c, ... are uneven primes, then 


8, (2n) = (a + 1) (8 + 1) (Y + 1)... 
and the coefficient of ġ (=) 


faril (8+ 1) (y+1).... 


(r+), 


The quantity E is the rth triangular number. Thus 


the coefficient of ¢ (2) is equal to the product of the rth 


triangular number and the number of uneven divisors of 27. 
lf we denote this coefficient by A, (27), we have 
3 
$ "=> B = n=% À A (2n) ax 
See tee 1} Omo E A tans - 


§3. Proceeding as before (če. substituting dx, $æ, ... 
for x, and adding), we find that the left-hand member of the 


equation becomes 
æ B cs 3 an 
43; lat ( 167° w) . 


To obtain the value of the right-hand member, we consider 
the expression 


+ a (2) +4(9) o) (E) 


and substitute 4”, 42, ... for a, 
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The expression obtained therefrom by addition is 


sreo (E)n) 
+35 =) +208 (5 =) +66 (F Z) + 126 (2) + &e. 


The coefficient of $ (=) in this series is 


r(r+1)(r +2) 
6 afte 


where r has the same meaning as before, and 6,/2n) denote 
the sum of the divisors of each of the uneven divisors of 2n. 

Thus, if 1, p, g, .., m are all the uneven divisors of 2n, 
then 


8, (2n) = 8, (1) + è, (p) +.8, (g) +--+ ò, (1). 
If Dri ==s2 Gaol Cnaaes 
a, b, c, ... being uneven primes, it is easy to see that 


(a+1)(a+2) (B+1)(8+2) (y+ ly +2) 


6, (22) = J : 3 a cody 


and therefore the coefficient of (=) is 
r(r+1)(r+2) (a+ 1)(a+2) (8+1)(8+2) 
6 i 2 2 an 
Denoting this coefficient by à, (27), we have 
ho A (2n) a iva 


2S fee if omaj" = Sele —* —— fan—. 


(27 2n un 


§ 4, It is evident that, if p and q be any two numbers 
which are prime to each other, 


ò, (p ) 8, (9) = 8, (24), 
and 8, (p) ô, (4) = ò, (p9). 
These formulæ would greatly facilitate the actual calcula- 


tion of the coefficients. 
lf n is an uneven prime number, 


8,(n)=2, 8 (n)=3 
and A (27) =2, A, (2n) =3. 
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If 2n=2"a, a being an uneven prime number, 


r(r+1) r(r+1) (+2) 
2 6 s 


d, EDES y A, (27) = 


§5. By writing 2x for æ, and replacing A, (2n) and A, (2n) 


by other functions @,(n) and @,(n) defined below, we may 
write the system of formulz in the following form: 


2 
2 eon (Srs) =2x3> pA tan=, 


“ YS tel be m 7) 
X; {rem (16xr%a)™ = 4x; PO) tone, 


z {ez i “(o2n'a)" 8237 2") tant 


where, if n= Vae.. 
a, b, c, «.. being uneven primes, then 
0, (n)=s+1, 


6, (n= EE NEF) 5 (a) 


= (a +1) (8+1) (Y #1)... 


(s+ 1) (s + 2) 
2 
o p) CEDERNA 5 g) 


_(s+1)(s+2)(3+3) (a+1)(a+2) (8+1)(8+2) 
6 : 2 os! Es 


If p and g be relatively prime, we have 
9, (p) 9, (9) = 9, (p9), 
9, (p) 9, (9) = 9, (22) 
9, ( p) 8, (7) = 9, (9). 


The general law of the series is evident: the value of 
6, (n) being 


(+1) (a4 1) (841) 
(FELE -e° 2t” igre aere 
where a denotes the factorial a (a +1)...(a + b= 1). 
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§6. The formula, corresponding to those in the last 
section, in which the first powers only of the Bernoullian 
numbers are involved, may be written: 

Ja il 


> any (22) =x} 


v 
j ymy 

=] -v cots. 

The two expressions on the right-hand side are at onco 
seen to be equal by differentiating logarithmically Euler’s 
formula 

sing x 
ac 

It is perhaps worth noticing how readily the above 
expansion of 1— w cota in powers of w is derivable from the 
expression for the Bernoullian numbers in terms of the sums 
of the reciprocals of the even powers of the natural numbers. 
For 


oa Gok COS 
Sra 


ps 
l-g =- 3° 
cota ie a? 
one l 1 1 
= 2; a (lton+ ga + a + ) 
co 200" (2rr\"B. __ eo B, (20). 


T A) te Tik 


§7. We may deduce by integration from §5, or obtain ` 
independently as in § 1, the following formulz: 


a 8% (n) 
ze J f P, } (83a)" =—2logII? (cos) í j 


1 2n |(2n)] 
3 or 9, (n 
= = {| (16772) = — 4log My (cos=) “ À 
mat | B > N ee ~ x9 (n) 
> a ean (32a°x)”" = - 8 log D? (cos=) i 
&e. &e. 
§8. By differentiating the formule in § 5, we find 
æ B, a aar 2o 0, (n) Pk 
2 (2n = 1) ‘or (87x) = 2g 2 = tan A ’ 
= N mma T 
2, (2n -1) tacit (1677x)" = 4x2 ae tans 
oo Jip Ne n Uso 8, (x) 2% 
I? (2n — 1) H (327°) = 8x2; -m tan zi 
&e, &e., 
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together with 


zr Sol) sB, 
ye 9). gpg 
$ n* E 
ONG 
x 7) spir 
&e &e, 


§ 9. These latter formule are easily verified; for 


@ (n) 


z < may be derived from 


: 1 Q 
by dividing it by 4 i iA vy and adding; whence 
ð 


oo 9, (n) 1 1 1 l l 
san a(lt+at+ até) (145+ 5454 ke) 
Se By. 
= (=) (Ltt et pt se) 
_4 wn 
a gu D“ 
Similarly 
x 9, (n) 1 1 1 1 Si . 
=, aE = (1454 ptée) (1454+ 5+ 5 +h) 
_ 2a? Taw ate 
2 oy me? 
and 
«oO, (n mt mT n? 
AORERE 


§ 10. It may be remarked that, in general, if 
o (x) =a, T" + ax + ag + Ke, 
then, by substituting 42, $æ, ..., for x, and adding, we find 
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Similarly we find that 
ra, {nest Umaman e (F), 
where v, (x) denotes the number of divisors of n. 
Thus, if n= athe., 
a, b, ¢, ... being any primes, then 
v, (n) = (2+1) (8+1) (y +1). 
We also find that 


ora, fE (mre = 83", (n) $ (=) 
where v, (n) denotes the number of the divisors of all the 
divisors of n. Thus, if 1, p, g, ..., n be the divisors of n, 
v, (n)=v, (1) +4, (p) +, (g0) tty, (n); 
and, if n= abe., 
a, b, €, ... being any primes, 
(a+1)(a+2) (8+1)(8+2) (y+1)(y+2) 


aos 2 2 2 
The formula involving B,‘ is 
00 B, . aan æ x 
Sex, le} (1672) = 163%, (n) $ (=) , 
where, if n= a Peann 


„s (a+1)(a+2)(a+3) (8+1)(8+2)(8+3) 
a Ff ——— s | an 


and similarly we find 


x 


2 NOES 


where 
_(a+1)(a+2)..(a+4) (84+1)(8 + 2)...(8+4) 
y(ajeo E Snr 
$ 4! 4? 
the general law being evident. 
VOL. XIX, L 
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Thus v, v,) Ya +.» all satisfy the equation 


v(p)v (gq) =v (p9), 
p and q being prime to each other. 


§ 11. In the case of the formule considered in §§ 1-8, 
we have 


and (x) = zE g tan za 


The fact that ¢ (x) is itself a series of terms in which the 
denominators are the successive powers of 2 is the cause of 
the distinction which occurs in the formule of §5 between 2 
and the other prime factors of n. In the formation of the 
functions @ the exponent of 2 gives rise to a factorial which is 
one order higher than the factorials depending upon the 
exponents of the other primes. 


EXPANSIONS OF K, 1, G, E IN POWERS OF k'*-#’. 
By J. W. L. Glaisher. 
THE object of this note is to give the expansion of K in 


ascending powers of k'*— k". I have also added the corre- 
sponding expansions of J, Œ, and Æ. 


Expansion of K, §§ 1, 2. 
§ 1. Let 4 and h’ denote A” and #'” respectively, and let 
AHh'-h=k?—-F. 
If therefore a be the modular angle, so that %= sina, then 


A = cos 2a. 
We have* 
i = | f e-y'-As dedy, 
whence, expanding in powers of A, 
/ © o g A ie 
‘2 K={ | ew y* fı — 2r2%y? + I a'y — 31 ay? + fe} : 
bro 


* Proceedings of the London Mathematical Society, vol, X11, p. 92 (1881), 
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